In this paper, we discuss the elementary properties of some simple SI, SR, SIR and SEIR epidemic models whose parameterizing functions (such as per-capita death rate, disease transmission, removal rate etc.) might be eventually time-varying but nonnecessarily time-integrable. Vaccination rules based of feedback, measuring the numbers of some of the partial populations defining the disease progress, are also discussed.
Introduction
Important control problems nowadays related to Life Sciences are the control of ecological models like, for instance, those of population evolution (Beverton-Holt model, Hassell model, Ricker model etc.) via the online adjustment of the species environment carrying capacity, that of the population growth or that of the regulated harvesting quota as well as the disease propagation via vaccination control. In a set of papers, several variants and generalizations of the Beverton-Holt model (standard time-invariant, timevarying parameterized, generalized model or modified generalized model) have been investigated at the levels of stability, cycle-oscillatory behavior, permanence and control through the manipulation of the carrying capacity (see, for instance, [1] [2] [3] [4] [5] ). The design of related control actions has been proved to be important in those papers at the levels, for instance, of aquaculture exploitation or plague fighting. On the other hand, the literature about epidemic mathematical models is exhaustive in many books and papers . A non-exhaustive list of references is given in this manuscript, cf. [6] [7] [8] [9] [10] [11] [12] [13] [14] (see also the references listed therein). The sets of models include the most basic ones, [6] [7] :
-SI-models where not removed-by -immunity population is assumed. In other words, only susceptible and infected populations are assumed. ____________ -SIR models, which include susceptible plus infected plus removed-by -immunity populations.
-SEIR-models where the infected population is split into two ones (namely, the " infected" which incubate the disease but do not still have any disease symptoms and the " infectious" or " infective" which do have the external disease symptoms). Those models have also two major variants, namely, the so-called "pseudo-mass action models", where the total population is not taken into account as a relevant disease contagious factor and the so-called "true-mass action models", where the total population is more realistically considered as an inverse factor of the disease transmission rates. There are many variants of the above models, for instance, including vaccination of different kinds: constant [8] , impulsive [12] , discrete -time etc., incorporating point or distributed delays [12] [13] , oscillatory behaviours [14] [15] [16] [17] [18] etc. On the other hand, some ´ad-hoc´ variants of such models are known to become considerably simpler for the disease transmission among plants [6] [7] . In [19] , a control point of view of a vaccination strategy in continuous-time has been proposed for the true mass action (namely, the whole population numbers influence the rate of disease transmission) socalled SEIR (i.e. susceptible/infected/infectious and immune populations) epidemic model under constant whole population assumption. This model generalizes simpler SIR epidemic models where infected (i.e. those still without symptoms) and infectious (i.e. those already with disease symptoms) are not mutually distinguished. The vaccination strategy involves an auxiliary control being proportional to either the susceptible or to the whole population so that the unsuitable dynamics is removed and replaced for an asymptotically stabilizing term of the susceptible dynamics. The disease propagation is studied in a number of papers (see, for instance, [20] [21] [22] [23] [24] [25] [26] [27] and references there in). In this paper, we first discuss three elementary epidemic models of respective types as follows: SI (susceptible/infectious), SR (susceptible/ immune) and SIR (susceptible /infected/ immune) models whose parametrizing functions (as for instance, per-capita death rate, disease transmission etc.) might be eventually time-varying but either timeintegrable or not. Furthermore, a more general SEIR (susceptible/infected/infectious/immune) model is also analyzed in this paper. Finally, the effect of some vaccination policies on the populations is discussed for this model.
A time-varying SI epidemic model
Bernouilli proposed in 1760 a simple epidemic model where the infection is removed instantaneously so that all the population passes from susceptible to removed by immunity (the simplest SR model), [20] . The model was assumed in particular for instantaneous infective effect via inoculation of the smallpox. Since then a lot of investigation has been devoted to epidemic models including the incorporation of infected and infectious populations (SIR and SEIR epidemic models), the presence of delays in the disease transmission etc. The following simple one-parameter time-varying model is a generalization to the time-varying case of the simpler time-invariant SI (susceptible/infectious) epidemic model:
is constant for all time and the disease transmission function 
so that 
which are nonnegative for all time , so that (1)- (3) is a positive dynamic system ( see [15] [16] [17] ), and have finite nonnegative limits as t which is a global attractor of the trajectory-solution and it is also a globally asymptotically stable endemic ( in the sense that the disease propagates) equilibrium point:
which becomes in particular if the following strongly endemic ( in the sense that the whole population becomes infectious) equilibrium point:
Thus, the solution of (1)- (2) 
. Thus, if I (0) increases (decreases) then the susceptible limit decreases (increases) and the infected limit increases ( decreases).
2) If or if 0 N (leading to the trivial solution of (1)-(2)) then
. Then, the equilibrium point coincides with the initial conditions.
. Thus, if I (0) increases (decreases) then the limit infected increases (decreases) and the limit susceptible decreases (increases). The solution of (1) 
A time-varying SR epidemic model
A simple SR (susceptible/ immune -also called removed by immunity-) time-varying epidemic model extending its time-invariant counterpart is (see [20] ): : R R is the per capita death ratio at time t . The unique solution of (13)- (15) is: irrespective of the initial conditions so that the whole and the two partial populations asymptotically extinguish.
so that the susceptible population asymptotically extinguishes and the whole one is asymptotically immune identical to a finite limit which depends on the initial total population and the value . If then such a limit is zero so that the whole population again asymptotically extinguishes as in the above case 1.
3) It follows from (13)- (15) 
Thus, the whole population and the susceptible and immune populations are monotone decreasing functions so that they have finite limits. Also, the immune population increases (decreases) as the susceptible one increases (decreases). An equivalent result to (16.b) for the immune population is calculated directly from (15) and (16.a) as follows 
A time-varying SIR epidemic model
A simple SIR (susceptible/infectious/immune) time-varying epidemic model extending its timeinvariant counterpart (Kermack-McKendrick model -1927), [20] is: 
and where the new parameterizing function, right handsides of (19)- (21), yields a constant total population
. The use of (21) in
which together with (19) yields the two equivalent expressions for the susceptible:
Eq. 20 might be rewritten equivalently as
what leads to the following solution:
which holds irrespective of any nonnegative values of the initial conditions if 1
Focusing on the susceptible population given by (22) , one gets that if ) ( / t S t t ; 0 R t , guaranteeing non-negativity for all time of the infectious population, then
so that the susceptible population is also nonnegative for all time under the same sufficiency -type condition as the infectious one is nonnegative, that is, ) ( / t S t t for all time. On the other hand, it also follows directly from integration of (22)- (23) through time that: (27) which is nonnegative for all time if the infectious population is also nonnegative for all time which is guaranteed if the disease transmission function is sufficiently small to satisfy the upper-bounding condition (27) translates into the following constraint:
The worst case of (28) (29) what is guaranteed in particular with an upper-bounding function of exponential order t e K of the left-hand-side of (29) if there exist constants
The combination of (19) and (20) leads to:
where (21) has been used and provided that the model is well-posed so that the infectious population is nonnegative for all time what implies:
(as expected); 0 R t so that the joint susceptible plus infected population is a monotone decreasing real function independent of initial conditions and the whole population is constant [the constant property of the whole population was already known from simple inspection of (19)- (21)]. Equivalently, (20) may be integrated via integration by parts as follows by also using (19) : [28] [29] [30] is an important property, as it is that of positive realness of transfer matrices, of the solution in some kinds of problems concerning dynamic systems. Some simple concerns with the spreading or not of the disease are now discussed.
1) From (20) and (23) (21) that the immune population is given by:
which introduced an additional constraint on the average removal rate of the disease which together with the former one deriving from (39) yields the stronger necessary constraint for non-propagation of the disease under initial nonzero infected population which remains constant for all time:
One has also from (20)- (21) 
which, by taking also into account (40), requires the necessary condition below:
This condition is weaker than (41) but still guarantees that the disease does not spread with the infectious population being a monotone decreasing function including eventually to be a constant function defined by the initial conditions.
4 so that the infected population is a monotone increasing function with respect to the immune one. Since the above derivative is strictly positive on the time interval IT then the infected population is a strictly monotone increasing function with respect to the immune on the time interval IT.
5) The susceptible population can be calculated through time independent of the other populations as follows. One gets combining (19) and (21) 
SEIR epidemic model
The following SEIR-model distinguishes as two separate populations the "infected" E(t) which do not still have external disease symptoms from the "infectious" I(t) (also so-called " infective" ) which exhibit already such symptoms. Let S (t) be the "susceptible" population of infection at time t, E (t) the "infected" (i.e. those which incubate the illness but do not still have any symptoms) at time t, I (t ) is the " infectious" (or "infective") population at time t, and R (t) is the "removed by immunity " (or " immune") population at time t. Consider the SEIR-type epidemic model: . The vaccination control is either the vaccination function itself or some appropriate four dimensional vector depending on it defined "ad -hoc" for some obtained equivalent representation of the SEIR-model as a dynamic system. In the above SEIR -model, N(t) is the total population, is the rate of deaths from causes unrelated to the infection, is the rate of losing immunity, is the transmission constant (with the total number of infections per unity of time at time t occurs eventually on a set of zero measure only then the total population varies through time as obtained by correspondingly summing-up both sides of (45)- (48). Furthermore, (45) and (48) and (46) and (47) for all time is achieved with a positive vaccination control in 1 0 , , it is proven below that the whole population converges exponentially to the sum of the susceptible population plus the immune population while both the infectious and infective converge exponentially to zero. This is theoretically the ideal objective since the infection is collapsing as time increases while the susceptible plus the immune populations are approximately integrating the whole population for large time. Other alternative objective has been that the immune population be the whole one but this is a more restrictive practical objective since the whole susceptible population should asymptotically track the immune one even those of the susceptible who are not contacting the disease. Theorem 1. Assume that 0 and that the vaccination function is such that
with a vaccination control in 1 0 , for all time. Then, the SEIR model (45)- (49) is positive for all time. Furthermore,
(58) for all time what implies the following constraint for the initial conditions:
As a result,
Furthermore, the following two limits exist:
The mathematical SEIR-model (45)- (49) 
on a non-necessarily connected set of infinite Lebesgue measure. Thus, there is a finite sufficiently large finite time " t" such that : Note that the case is not feasible in practice for 0 since the population diverges . If 0 , it requires a collapsing effect of the illness on the population which is also unfeasible in practical situations. It is now discussed how the vaccination law is generated to keep simultaneously the SEIR-model positivity plus the tracking objective of Theorem 1 which requires positivity. The tracking
for all time is equivalent for all time to any of the subsequent equivalent identities below:
which requires as necessary condition 0 . Although unrelated to the physical problem at hand, the necessary condition will be also accomplished with 0 The vaccination law which ensures the positivity of the mathematical SEIR-model (45)- (48) is generated as the subsequent saturation rule: 
Simulation results
This section illustrates through simulation examples the theoretical results stated in the previous Sections 5 and 6 for the SEIR controlled system. Notice that the SEIR model is the most general one being the SI, SR and SIR models, described in Sections 2, 3 and 4 respectively, reduced versions of this. Moreover, the SEIR model also experiences the richest dynamic behaviour and, for this reason, it is the model considered in the numerical examples. The first example in Section 7.1 is concerned with the saturated vaccination law described by (70) while the second one in Section 7.2 is related to the unsaturated modified vaccination law introduced in Eq.75 and close equations. The SEIR model is described by the following parameters: . The evolution of the model without vaccination is represented in Figure 1 in order to compare this evolution with the ones associated with different vaccination policies. Figure 1 displays the evolution of all the partial populations through time. In particular, the numerical simulation shows a number of infected and infectious individuals, 62 of each, which correspond in total to a 19.03% of the total population at the end of the simulation. The vaccination policies introduced in this work are implemented in order to reduce this percentage of infected and infectious population.
Saturated vaccination law
Firstly, we consider the saturated vaccination policy whose basic feature is that the vaccination effort is restricted to the interval [ Figures 1 and 2 point out the similarity between the vaccination-free and the saturated vaccination policies: for both of them, the populations reach a steady-state where there exists a non-zero value of infected and infectious population. In particular, each population of infective and infectious is now of 61 individuals which make together a 19% of the total population. It is appreciated that the vaccination effort is not large enough to eradicate the illness as it is restricted to the interval [0, 1]. In fact, Figure 3 shows that the control law is always saturated to its largest value trying to cope with the infectious and infective populations.
Unsaturated modified vaccination law
In this subsection, the saturation to unity of the previous vaccination law is removed under the restriction of all the populations being nonnegative for all time. The results are depicted in Figure 4 shows that the infectious and infective populations tend to zero when the vaccination is not saturated to unity. Thus, the vaccination law depicted in Figure 6 is powerful enough to eradicate the illness and make all the population immune. Furthermore, Figure 5 shows how the proposed control law is able to make the immune population perfectly track the desired one converging to the total population N. Moreover, Figure 6 also explains why the saturated control law is not enough to eradicate the illness since the unity value of the saturated vaccination function is very small in comparison with the vaccination depicted in Figure 6 .
